8 Vector space

8.1 Introduction

Our study of vectors in R™ has been based on the two basic vector operations,
namely, vector addition and scalar multiplication. For instance, the notion of a
linear combination of vectors,

a1X] + QX + - - - + QgXg,

uses these two operations. And so do all of the definitions involving linear
combinations, such as span, linear independence, basis, and coordinate vector.
Even the idea of a linear function L : R™ — R is based on these two operations:

L(x+y)=L(x)+ L(y), L(ax)=aL(x).

There are sets besides R™ that also have naturally defined addition and scalar
multiplication. For example, the set My 3 of 2 x 3 matrices:

1 -3 4 n 5 1 =2/ |6 =2 2
-2 0 6 7 -1 =3] |5 -1 3|’
9 -3 1 2| |[-6 2 4
-1 4 0| |-2 8 0|
Both R™ and May3 are “vector spaces.” A vector space is a set having an
addition and a scalar multiplication that satisfy some properties. In this section,
we study vector spaces in general. This allows for efficiency in that we can apply

anything we learn about a general vector space to any particular vector space
that we encounter.
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8.2 Definition

VECTOR SPACE.

A vector space is a set V (the elements of which are called
vectors) with an addition and a scalar multiplication satisfying
the following properties for all u,v,w € V and o, 8 € R:

V1

V+W=W-+V,
V2) (u+v)+w=u+(v+w),

V3) there exists a vector 0 in V' such that v+ 0 =v,

(V1)
(V2)
(V3)
(V4) for each vector v in V, there exists a vector —v in V' such

that v+ (—v) =0,
(V5) a(v +w) = av + aw,
(V6) (a+ B)v =av+fv,
(VT) (af)v = a(Bv),
(V8)

Although property (V3) allows for the possibility of more than one vector in V
satisfying the stated property for 0, it can be shown using the other properties
that there can be only one such vector (see Section 8.8); it is called the zero
vector. Similarly, for any vector v in V', there is only one vector —v satisfying
the stated property in (V4); it is called the inverse of v.

8.3 Example: Euclidean space

The set V= R" is a vector space with usual vector addition and scalar multi-
plication. To verify this, one needs to check that all of the properties (V1)-(V8)
are satisfied. Here, we check only a few of the properties (and in the special
case n = 2) to give the reader an idea of how the verifications are done.

8.3.1 Example Show that R? satisfies properties (V1), (V3), (V4), and
(V5).

Solution
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(V1) If x,y € R?, then
_|m yi| _ [mity| _ |t Tl _
ev= o] = -] -l - B[R] e
(V3) The vector 0 = [0, 0]7 satisfies the property since, for each x € R?,
RS 07$1+07$17
o= o]+ ] =[] - 2] -
(V4) If x € R?, then the vector —x = [—x1, —x2|T satisfies the property since
. _ T —X o {E1—|—(—I1> . O .
o0 =[] [0 - REE L] o
(V5) If x,y € R? and a € R, then
I Y N E72 0 I W E S o 2 B e TC A S ThY
o= ([ ) - R 10) - )
i) Bl e
ars + ayo (e % D) ay2 o) Y2
O

The vectors in the properties (V1)—(V8) are written using letters like v and
w. Particular vector spaces usually already have a common notation for their
vectors. For instance, R™ uses letters like x and y for its vectors. We use the
common notation when we work with the particular vector space.

8.4 Example: Matrix space

The set V= M,,x»n of m X n matrices is a vector space with usual matrix
addition and scalar multiplication. The m X n matrix with 0 in every entry
satisfies (V3); it is called the zero matrix and it is denoted 0.

If A is a general matrix, we write a;; for the entry in its ¢th row and jth column.
For instance, if A is a 2 X 3 matrix, then

a a a
A= 11 12 13 )
a1 A22 (23

8.4.1 Example Show that Mays satisfies property (V7).
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Solution For A € Mays3 and o, 8 € R, we have

(aﬂ)A~—(aﬂ){a” @12 (“j _ H@ﬁﬁnl (aB)ara <a6ﬂu{

a1 G2 23 af)agr  (aB)aze (af)ass

_ [g(ﬂau) a(Baiz)

a(ﬂaw)} —q {ﬂau Baia 5013}
(Baz21) «Baz2) ofBass) Basr  Pazy  Baszs

—a(p o oz eel) —aa),

a21 @G22 Aa23

O

As vector spaces, May3 and RS are essentially the same. The only difference
is in the way the six entries are displayed (three columns with two entries each
versus one column with six entries). More generally, M,, ., is essentially the
same as R™".

8.5 Example: Polynomial space

We denote by P,, the set of all polynomials of degree less than n (the “degree” of
a polynomial is the highest power of = that appears). For instance, P3 contains
the polynomials

422 + 52 -3, -7, 5,

and generally any expression of the form p = ax? + bx + ¢ with a, b, and c real
numbers (possibly zero). The set P,, has a naturally defined addition and scalar
multiplication. For instance, in P35 we have

(42° + 525 —3)+ (322 —62+9) = T2’ —x+6 and 2(4z’+52—3) = 822 +102—6.

With this addition and scalar multiplication the set V' = P,, is a vector space.
The role of the zero vector 0 is played by the zero polynomial 0. The inverse
of a polynomial is obtained by distributing the negative sign. For instance,

—(42% + 52 — 3) = —4a® — 5z + 3.

In order to check that P, satisfies the vector space properties, we need to know
what it means to say that two polynomials are equal. We will say that two
polynomials are equal if and only if their corresponding coefficients are equal.
For instance,

ar? +bx+c=dz? +bx+¢

ifandonlyifa=a’,b="¥,and c=¢.

8.5.1 Example Show that Pj satisfies property (V5).
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Solution Let p = ax®+ bx + c and g = dz? + ex + f be polynomials in P3 and
let & € R. We have

alp+q) = oz((cm:2 +br+c)+ (da:2 +ex+f)) = a((a + d):z:2 +(b+e)x+ (c+ f))
=a(a+d)z*> + a(b+e)r +alc+ f) = (aa + ad)z? + (ab + ae)z + (ac+ af)

= ((aa)z® + (ab)z + (ac)) + ((ad)z® + (ae)z + (oof))
=a(az® + bz +c) +a(dz® +ex + f) = ap + aq.

8.6 Example: Function space
We denote by F; the set of all real-valued functions on the interval I. For
instance, Fo ;) contains the functions

1
x+1’

sinz, v1-—u,

and generally any function that is defined for all z in the interval [0,1]. (The
function 1/z is not contained in Fyy ) since it is not defined when z is 0.) We
allow the possibility I = R, so Fr is the set of all functions that are defined for
every input z in R.

As usual, letters like f, g, and h, are used to refer to functions in F;. For
instance, we might say “Let f be the function in Fjq ) given by f(z) = sinx.”

If f and g are two functions in Fj, their sum f + ¢ is defined by saying what it
does to an input z:

(f +9)(@) = f(z) + g(x).
For instance, if f(x) = sinz and g(z) = v/1 — x, then
(f+9)(x)=f(zx)+g(x) =sinz + V1 —z.

If f and g are defined on I, then their sum is as well, so this defines an addition
on the set F.

If f is a function in F; and « is a real number, we define the product af by
(af)(x) = af ().
For instance, if f(zr) = sinx, then
2f)(z) =2f(x) = 2sinzx.
This defines a scalar multiplication on the set F.

With this addition and scalar multiplication, the set V= F is a vector space.
The role of the zero vector 0 is played by the zero function, denoted 0, given
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by 0(xz) = 0. The inverse of a function f in Fy is given by (—f)(z) = —f(z).
For instance, if f(z) = sinx, then (—f)(z) = —sinz.

Two functions f and ¢ in Fy are equal if f(z) = g(z) for all  in I. For instance,
if f and g are the functions in Fgr given by f(z) = sin® z 4 cos® z and g(z) = 1,
then f = g since

f(z) =sin®z +cos’z = 1 = g(x)

for all  in R (due to a trigonometric identity).
8.6.1 Example Show that F; satisfies property (V6).

Solution Let f € F; and «, 8 € R. We need to show that (a+8)f =af +8f.
Each side represents a function, so we need to show that [(o + 3)f](z) =
laf + Bf](x) for all z € I. For all x € I, we have

[(a+B)f](x) = (a+B)f(z) = af(z) + Bf(z) = (af)(z) + (Bf)(z) = [af + Bf] ().
Therefore, (o + B8)f = af + Bf. O

8.7 Nonexample

To check that a set with an addition and scalar multiplication is a vector space
one has to verify that all of the properties (V1)—(V8) are satisfied.

On the other hand, to show that a set with an addition and scalar multiplication
is mot a vector space it is only necessary to exhibit a single explicit counterex-
ample to one of the properties.

8.7.1 Example Let V be the set of ordered pairs (x,y) of real numbers.
Define addition to be usual addition, but define scalar multiplication by the rule
a(z,y) = (2%, y*). Show that V is not a vector space.

Solution Let v = (1,1), w = (1,1), and & = 3. Then
a(v+w) =3((1,1)+ (1,1)) = 3(2,2) = (2°,2%) = (8,8),
while
av+aw =3(1,1) +3(1,1) = (13,13) + (13,1%) = (1,1) + (1,1) = (2,2).

Therefore, a(v + w) # av + aw and property (V5) fails. O

8.8 Elementary theorems

The eight properties in the definition of a vector space are called the vector
space axioms. These axioms can be used to prove other properties about vector
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spaces called theorems. Any theorem that is obtained can be used to prove
other theorems. This is the way that the study of vector spaces proceeds.

In this section, we provide a couple of elementary theorems. They show that fa-
miliar properties of addition and scalar multiplication in R™ hold in an arbitrary
vector space.

THEOREM. Let V' be a vector space.

(i) There is only one vector 0 in V such that v+ 0 = v for
all vin V.

(ii) For each v in V, there is only one vector —v such that
v+ (—v)=0.

Proof. (i) Suppose that 0" also satisfies v+ 0" = v for all v in V. Then

0=0+0 (V3)
=0+0 (V1)

=0 assumption about 0’

(i) Let v € V and suppose that v/ € V also satisfies v + (v') = 0. Then

<

v =v'+0 (V3)
=V +(v+(-v) (V4
=(VHv)+(=v)  (V2)
=0+ (—v) (V1) and assumption about v’
(V1)

=-v V1) and (V3)

THEOREM. Let V' be a vector space and let u,v,w € V.
(i) Ifvtu=w+u, thenv=w.
(i) Ov=0

(iii) If v+u=0, thenu= —v.
)

(iv) (=1)v=—v.
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Proof. (i) Assume that v+ u=w + u. Then

v+u=w+Hu

(v4+u)+(—u)=(w+u)+ (—u) (Add —u to both sides)
v+ (u+t(-u)) =w+ (u+(—u) (V2)
v+0=w+0 (V4)
vV=w (V3)
(ii) We have
(0+0)v = 0v 0+0=0
OV+0v=0+0v  (V6),(V3),(V1)
ov=0 part (i)

(iii) Assume that v +u = 0. By part (ii) of the previous theorem, —v is the
only vector in V' such that v 4+ (—v) = 0. Therefore, u = —v.

(iv) We have

v+ (=1)v=1v+(=1)v (V8)
=1+ (V6)

= 0v 14+(=1)=0
=0 part (ii)
Therefore, by part (iii), we have (—1)v = —v. O

8.9 Linear function

The main example of a vector space is R”. Working with R™ we have intro-
duced the notions of linear combination, linear function, subspace, span, linear
independence, basis, coordinate vector, and dimension. These notions involve
only addition and scalar multiplication, so they make sense for a general vec-
tor space as well (in the definitions we need only replace R™ with V). For
instance, a linear combination of vectors vi,vs,..., Vv, in a vector space V is
an expression of the form

a1V] + aove + -+ - + V.

This is the same as the definition for R".

In this section and the next few, we provide the definitions and some theorems in
the general setting and give some examples using the vector spaces R™, M, «xn,
Pn7 and F].
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LINEAR FUNCTION.

Let V and V'’ be vector spaces. A function L : V — V' is linear
if

(i) L(v+w) = L(v) + L(w),
(ii) L(av) = aL(v),

forall v,we V, a € R.

8.9.1 Example Show that the function L : R? — P, given by
L(x) = z1x + 22
is linear.

Solution We check the two properties:
(i) For all x,y € R?, we have

Lix+y)=1L ([i;jgj) = (z1+y1)r + (22 + y2) = (w12 + 22) + (12 + y2)

= L(x) + L(y).
(ii) For all x € R? and o € R, we have

AT

L(ax) =L ([ D = (az1)z + (az2) = a(z1z + 22) = aL(x).

[0 %1%)]

8.9.2 Example Show that the function L : Myx2 — R given by

()

is linear. (Here, R is viewed as the vector space R! with [z] written as just z.)

Solution We check the two properties:
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i) For all A,B € Msyo, we have
(i)
a1l a12 bi1 b2 ai1 +bi1 a2+ bao
LA+B)=1L + =L
( ) <Ll21 (l22] [bm b22]> <[a21 +bo1 a2+ 522])
= (a11 + b11) + (@22 + ba2) = (a11 + a22) + (b11 + b22)
_ (| ez} g b1 b2
ag21 Aa22 b21 b22
= L(A)+ L(B).
(ii) For all A € Mays and a € R, we have
=1l 2)-+( 27
a1 Aa22 aagr a2

air a2
= a1l + cagy = Oé(CLll + a22) = ol
a21 A22

= aL(A).

O

The next example shows that differentiation can be construed as a linear func-
tion.

8.9.3 Example Let Dr denote the set of differentiable functions on R
(this is a vector space using function addition and scalar multiplication). Define

d

L:Dgr — Fgr by L(f)(z) = e [f(z)]. Show that L is linear.
x

Solution We check the two properties:

(i) For f,g € Dgr, we have

LU +0)(&) = [(f + 6)(a)] = = [F(@) + ()] = - [F(@)] + = [g(a)
= L(1)(@) + L)) = [L() + Llg))(w)

for every x € R, where we have used the derivative sum rule for the third
equality. Therefore, L(f + g) = L(f) + L(g).

RS

(ii) For f € Dr and a € R, we have

L(af)(#) = (@) @) = = [af(x)] = o [f(2)] = aL()(x) = [L(D](@)

for every « € R, where we have used the derivative constant multiple rule
for the third equality. Therefore, L(af) = aL(f).
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Therefore, L is linear. O

Integration can also be construed as a linear function (see Exercise 8-10).

8.10 Subspace

SUBSPACE.

Let V' be a vector space. A subset S of V is called a subspace
if the following hold:

(i) 0es,
(ii) u,v € S impliesu+v e S,

(iii) v € S, € R implies av € S.

8.10.1 Example Let S be the subset of Mayo consisting of all matrices of
the form

Show that S is a subspace of Mayo.

Solution We check the three properties of subspace:

o fy [ 4]

(the (2,2)-entry is the negative of the (1,1)-entry).

(i) We have

(ii) Let A,B € S. (Must show that A+ B € S.) Since A and B are in 5,
they can be written

Therefore,
_la b d e| |a+d b+e| J|a+d bHe
A+B_[c —a%—[f —d}_[c—i—f —a—d]_ {c—i—f —(a—i—d)] €5

(the (2,2)-entry is the negative of the (1,1)-entry).
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(iii) Let A € S and o € R. (Must show that «A € S.) Since A is in S, it can
be written as in part (ii), so that

aA:a[CCL _b}:[aa ab]eS

ac —aa
Therefore, S is a subspace of Mayo. O

8.10.2 Example Let S be the subset of Fr consisting of all functions f
for which f(1) = 0. Show that S is a subspace of Fr.

Solution We check the three properties of subspace:

(i) The role of the zero vector 0 is played by the zero function 0 given by
0(z) = 0. We have 0(1) =0,s00 € S.

(ii) Let f,g € S. (Must show that f 4+ g € S.) We have
(f+9)(1)=f(1)+g(1)  definition of f+ g
=0+0 f,ge s
=0,
sof+ges.
(ili) Let f € S and o € R. (Must show that a.f € S.) We have
(af)(1) =af(1) definition of af
=al fes
=0,

soaf €S.

Therefore, S is a subspace of Fr. O

Let S be a subspace of a vector space V. By the closure properties of subspace,
S has an addition and a scalar multiplication. In fact, with these operations, S
is a vector space in its own right.

THEOREM. If S is a subspace of a vector space V', then S is a vector space using
the same addition and scalar multiplication as that in V.

Proof. The vector space axioms (V1)—(V8) need to be checked. By the definition
of subspace, S contains the zero vector 0 of V', which acts as a zero vector for S,
so (V3) is satisfied. If v is a vector in S, then —v = (—1)v is in S as well (using
the second theorem of Section 8.8 and closure of S under scalar multiplication),
and —v acts as an inverse for v in S, so (V4) is satisfied. The other axioms
hold for every u,v,w in V, so they automatically hold for every u,v,w in S.
Therefore, S is a vector space. o
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This theorem applies in particular to the case V = R3 to show that every line
through the origin is a vector space and every plane through the origin is a
vector space.

Let L : V — V' be a linear function. The kernel of L and the image of L are
defined just as before:

ker L = {v e V|L(v) = 0},
imL={L(v)|veV}

Also as before, ker L is a subspace of V and im L is a subspace of V.

8.10.3 Example The function L : Msyxs — R given by
a b
L ([ dD —a+d
is linear (see Example 8.9.2).

(a) Find ker L.
(b) Find im L.

Solution
(a) A matrix A = [Z Z is in ker L if and only if L(A) = 0, that isa+d = 0,
which is the same as d = —a. Therefore,

ker L = {[CCL _ba} |a,b,c € R}.

(In Example 8.10.1, we saw that this last set is a subspace of Maya, so
this example illustrates the fact that ker L is always a subspace.)

(b) From the definition of L, we see that im L C R. We claim that in fact
im L = R. We need to show that R C im L, that is, we need to show that
every element of R is an output. If x € R, then

z 0 .
x-x—O—L([O 0])611111),

so R C im L. Therefore, im L = R.
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8.11 Basis

SPAN.

Let {v1, va,..
span of {vy,vy,...,

Span{vy, va,..

., Vs } be a set of vectors in a vector space V. The
vs} (denoted Span{vi,va,...,v,}) is the
set of all linear combinations of the vectors vi,va,...,vs. In
symbols,

Lvsr={aavi +aava + -+ agvs |a; € R}

The span of a set of vectors in V' is a subspace of V' (cf. Section 4.4).

8.11.1 Example

In the vector space Pg3, determine whether —5x + 3 is in

Span{z? — 2z + 3, x +4, —22° +1}.

Solution We are wondering whether there are scalars oy, as, and ag such that

—5r+3=o(2® — 22 +3) + as(x +4) + az(—22* + 1)
= (a1 — 203)2% + (=201 + az)z + (3o + 4ay + az)

Since two polynomials are equal if and only if their corresponding coefficients
are equal, we get a system of equations with augmented matrix

-21 0 2) -3

A solution ag, ag, and ag exists, so —5x + 3 is in the span of the given polyno-

mials.

O


https://web.auburn.edu/holmerr/2660/Textbook/spanandsubspace-print.pdf#subsection.4.4
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LINEAR DEPENDENCE/INDEPENDENCE.

We say that vectors vi,va,..., v in a vector space V are lin-
early dependent if there are scalars oy, s, ..., as not all zero
such that

a1vy +agve + -+ agvy = 0.

We say that the vectors are linearly independent if they are
not linearly dependent, that is, if

a1v) + agve + -+ agsvs =0 implies «a; = 0 for all 4.

8.11.2 Example Let f(z) = sinz, g(z) = cosz, and h(z) = sin2z. De-
termine whether the functions f, g and h are linearly independent in the vector
space Fr.

Solution Suppose we have
arf + azg + ash = 0. (*)

(Must show that aq,as, a3 = 0.) Each side of this equation is a function, so
according to the definition of equality of functions, we have for all x € R

[ f + azg + ash|(z) = 0(z)
(1 f)(@) + (azg)(x) + (ash)(x) = 0
a1 f(z) + azg(x) + agh(z) = 0.

where we have used the definitions of function addition and scalar multiplication.
Therefore,

o sinx + azcosz + agsin2x =0 (**)

for all z € R. (For future reference, note that the equation involving function
names (*) gives rise to an equation involving the output expressions (**), which
holds for all z.) Since the above equation holds for all z € R, it holds in
particular for x = 0:

a18in0 4 ascos0+ agsin2(0) =0
aq (O) + ag(l) + CY3(0) =0.

Therefore, ag = 0 and the middle term goes away leaving a; sin x+a sin 2z = 0.
Next, setting = w/2 gives

a sin(g) + azsin Q(g) =

al(l) + CY3(0) =04,
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so that a; = 0, leaving a3 sin 22 = 0. Finally, setting « = 7/4 gives

Qg sin 2(%) =0

az(1) =0,
so that a3 = 0.
We have shown that ay,as,a3 = 0. Therefore, the functions are linearly inde-
pendent. O
BAsis.
Let by,bs,...,bs be vectors in a vector space V. The set

{b1,ba,...,bs} is a basis for V if
(1) Span{bl,bQ, RPN ,bs} =V.

(ii) by, ba,...,bs are linearly independent.

8.11.3 Example Show that {e11,e12, €21, €22} is a basis for Maya, where

|1 0 101 10 0 100
911—007912—007921—10,922—01-

Solution We check the two properties of basis:

(i) (Span{ei1,eis,e21,€e22} = Maya?) Since every linear combination of 2 x 2
matrices is a 2 X 2 matrix, the first set is contained in the second set. For
the other inclusion, we note that if A € Mayo, then

a a
A= 11 12
a21  a22

1 0 0 1 0 0 0 0
= a11 [0 0]+a12 {0 0}4—@21 [1 0]4—@22 [0 1]

= a11€11 + a12€12 + az21€21 + azess € Span{eir, €12, €21, €22}
Therefore, Span{eu, €12,€e21, 822} = M2><2.
(ii) (e11,e12,€21, €22 linearly independent?) Suppose we have

aier] + aseqn + aszes; + agesn = 0.

1 0 0 1 0 0 0 0 0 0

alag_OO
oz oaa| |0 O

Then
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Since matrices are equal only if their corresponding entries are equal, we
conclude that ai,as,as,ay = 0, so that the matrices are linearly inde-
pendent.

Therefore {e11, €12, €21, €22} is a basis for Mayxo. O

More generally, if e;; denotes the matrix with 1 in the ¢th row and jth column
and zeros elsewhere, then

{e;j|1<i<m, 1<j<n}

is a basis for M, xn,. It is called the standard basis for M,,, x,,. (This coincides
with the standard basis for R™" if we form a single column matrix from an mxn
matrix by writing the columns one after the other.)

8.11.4 Example Show that {22 z,1} is a basis for Ps.

Solution We check the two properties of basis:

(i) (Span{z? z,1} = P3?) The span of ?, z, and 1 consists of all linear
combinations of these three polynomials, so all polynomials of the form
a122 4+ asx + asl. Therefore,

Span{z? x,1} = {a12? + asx + a3l | a1, a2, a3 € R} = P3.

(ii) (22, ,1 linearly independent?) Suppose we have ajz? + asx + ay1 = 0.
Then
a1x2+a2x+a11 =Ox2+0x—|—0-1,

and, since two polynomials are equal only if their corresponding coeffi-
cients are equal, we conclude that a;, as, a3 = 0, so that the polynomials
are linearly independent.

Therefore, {x2, 2,1} is a basis for Pj. O

More generally, {z"~1,2"=2 ... x,1} is a basis for P,,. It is called the stan-
dard basis for P,,.

8.11.5 Example Show that {2,cos?x} is a basis for the subspace S =
Span{1,cos 2z} of Fr. (Hint: cos?z = (1 + cos2z).)

Solution We have introduced a new notation. For instance, the expression
cos? x is to be interpreted as the unnamed function = — cos?z, that is, the
function that sends the input « to the output cos? z. This keeps us from having

to name the function by writing something like “Let f be the function given by
f(x) = cos?z.”
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We check the two properties of basis:

(i) (Span{2,cos®x} = S?) First,
2=2-140cos2z and cos’z = % 14+ %cosQw

for all z € R (where we have used the hint). Therefore 2 and cos® x are
in Span{1,cos2z} = S. Now S is a subspace of Fr (since it is a span of
vectors), so every linear combination of 2 and cos? z is also in S, that is,
Span{2,cos®*x} C S.

For the other inclusion, we first note that
1= % 24 0cos’z and cos2z = —% -2+ 2cos?x

for all z € R (again using the hint), so S = Span{1, cos 2z} C Span{2, cos® x}.
Therefore, Span{2, cos> z} = S.

(i) (2,cos?z linearly independent?) Suppose that we have a1-2+az cos? 7 = 0
for all x € R (cf. solution to Example 8.11.2). Since the equation holds
for all x € R, it holds in particular for x = 7/2, so

a2 4+ as cos® g =0
a2+ ag(O) =0,

Therefore, a; = 0, leaving as cos? x = 0. Letting = 0 then shows that
as = 0. We have shown that aj,as = 0, so the functions are linearly
independent.

Therefore, {2, cos? x} is a basis for S. O

The next theorem says that a linear function can be prescribed by just saying
where it sends basis vectors.

THEOREM. Let V' and V' be vector spaces, let {b1,...,bs} be
a basis for V', and let {c1,...,cs} be vectors in V'. There is a
unique linear function L :V — V' such that

for each i.

Proof. We prove only the special case with s = 2 since this shows all of the main
ideas. Since {by, bs} is a basis for V, every vector in V' can be written uniquely
as a linear combination of by, bs, so we can define a function L : V — V' by

L(O&lbl + OéQbQ) = 1€t + 2Cs.
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By letting @3 = 1 and a; = 0, we get L(by) = ¢;. Similarly, L(bs) = ¢z, so L
satisfies the given equation.

We claim that L is linear. Let v,w € V. We can write v = a;b; + asbs and
W = ﬁlbl + ﬂgbg. Then

L(v+w) = L((a1b1 4 azbz) + (B1b1 + B2b2))
= L((o1 + B1)b1 + (a2 + S2)ba)
= (a1 + B1)er + (a2 + B2)ez
= (a1c1 + azca) + (Brc1 + Baca)
= L(aib1 + asbz) + L(Bi1b1 + B2b2)
= L(v) + L(w).
Similarly, L(av) = aL(v). Therefore, L is linear.

Finally, if L' : V' — V' is a linear function satisfying L'(b;) = ¢; and L'(bs) =
Cs, then

L’(albl + agbg) = alL’(bl) + OéQLI(bQ)
= 1 + apC
= L(O&lbl + OéQbQ)

for all a1, € R, so L' = L. This shows that L is unique. O

8.11.6 Example The vector space P3 has standard basis {22, z,1}. Let
L : P3 — Ry be the unique linear function satisfying

L) = {‘ﬂ . L(x) = m L) = m .
Find L(62 — 2z + 4).

Solution Using the two properties of linear function, we get

L(622 — 22 +4) = L(62> + (—2)z + (4)1)
=6L(z%) + (=2)L(z) +4L(1)

ool

- [ 186} .
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8.12 Matrix of a linear function

COORDINATE VECTOR.

Let V be a vector space with ordered basis B = (b, ba, ..., b,),
and let v be a vector in V. The coordinate vector of v
relative to B is

[U]B = [alu Qag, ..., an]T7

where v = a1b; + asbs + -+ - + asb,.

8.12.1 Example Find the coordinate vector of p = 5z2 + 3z — 2 relative
to the standard ordered basis B = (22, z,1) of Pj.

Solution Since p = 522 + 3z + (—2)1, we have [p|s = [5,3, —2]7T. O
8.12.2 Example Find the coordinate vector of
7T =2
A=l 3]

relative to the ordered basis B = (e11, €12, €21, €22) of Mays. (See Example
8.11.3 and following remark for notation.)

Solution Since

7T =2 1 0 0 1 0 0 0 0
A= [O 3 ] =7 |:O O]+(_2) [O O:| +0 L O] +3 |:O 1] = 7611+(—2)612+0621+3egg,

we have [A]s = [7,—2,0,3]7. O

8.12.3 Example Let B = (2,cos?x), an ordered basis for the subspace
S = Span{1, cos2z} of Fgr (see Example 8.11.5).

(a) Find [5 + 4 cos 2z].
(b) Find f(r) given that [f]g = [-3,4]T.
Solution
(a) We need to write 5 + 4cos2x as a linear combination of 2 and cos? z.
Using the identity cos?z = %(1 + cos 2z) we get
54 4cos2x=5+4(2cos’z — 1) =1+ 8cos”x = (3)2 + 8cos’ .

Therefore [5 + 4 cos 2] = [3, 8]".
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(b) By the definition of coordinate vector,
f=-3-244cos’z =4cos’x — 6,

so f(m) =4cos?m —6=4(-1)2 -6 = —2.

MATRIX OF A LINEAR FUNCTION.

Let L : V — V' be a linear function and let B = (b1, bs, ..., b,)
and B’ = (b/, b}, ..., bl ) be ordered bases of V and V"', respec-
tively. There is a unique m X n matrix A such that

for every vector v in V. Moreover,
A = [[L(b)lz [L(b2)]z - [L(bn)]s].

The matrix A is the matrix of L relative to the bases B
and B'.

Proof. Both [L(v)]p and Alv]|g are linear functions of v as the reader can
check. By the last theorem of the previous section, these two functions are

equal if they produce the same output for each basis vector by, bs, ..., b,. Now
[bi]s = [1,0,...,0]T, so A[b;]s is the first column of A, which is [L(b1)]s .
Similarly, A[b;]p = [L(b;)]p for all i. This proves the theorem. O

If € is the standard ordered basis for R", then [x]¢ = x for each x € R".
Therefore, when V = R"™ and V' = R™, and B and B’ are the standard ordered
bases, there is no need to compute coordinate vectors and we get the earlier
theorem (see Section 3.5).

8.12.4 Example Let L:P3 — P> be the derivative function:
L(p) =y

(a) Find the matrix A of L relative to the standard ordered bases B =
(x2,2,1) and B’ = (2,1) of P3 and Py, respectively.

(b) Use part (a) to find L(32% — 22 — 5) and check the answer by computing
this quantity directly.

Solution
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(a) According to the theorem,
A =LY [L@)s [LO1)s]

so we can construct A one column at a time. We have

Ll = el = 2040 1w = o]

(o)l = o = 0o+ 11w = 7]

LDl = ol = [0+ 0+ 1 = ]

SO

2.0 0
A‘{o 1 0}

(b) The theorem tells us how to get the coordinate vector of L(3x? —2x —5):

[L(322 — 22 — 5)]p = A[3¢? — 2z — 5] = B ? 8] :3? _ {_62} .

Therefore, L(32? — 2z — 5) = 62 + (—2)1 = 62 — 2.

Computing directly, we get L(3z% — 2z —5) = (322 — 22 — 5) = 62 — 2,
in agreement with what we just found.

O

8.12.5 Example Let S be the subspace of Fr spanned by the set {sinx, cos z}.
Let L : S — Mjyys be the linear function given by

RO fx/2)
“”‘L@)ﬂ%mﬂ

(see Exercise 8-9).

(a) Find the matrix A of L relative to the ordered bases B = (sin z, cos z) and
B’ = (e11,€12,€21,€92) of S and Myyo, respectively.

(b) Use part (a) to find L(2cosz —sinz) and check the answer by computing
this quantity directly.

Solution ~ (a) According to the theorem,

A = [[L(sinz)]p [L(cosz)]s]
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so we can construct A one column at a time. We have

e (e | I A

0
1
= [0e11 + lejz + Oegr + (—1)eas]z = 0
—1
and
o[22 28,1
cosm cos || - 5
1
0
= [1611 + Oeqio + (—1)921 + 0622]3/ =1
0
SO
0 1
1 0
A= 0 -1
-1 0

0 1 2

. - . oo [-1] |-t

[L(2cosx — sinz)|g = A[2cosx — sinx]g = 0 -1 [ 2 ] T 1=2
-1 0 1

Therefore, L(2 cosx—sinx) = 2e11+(—1)e1a+(—2)eq;+1eqs = {_22 _11]
Computing directly, we get

. 2cos0—sin0  2cosZ —sinZ
L(2cosz —sinz) = [2cos7r—sin7r 2cosﬁ—sin%—7r
2 2

-[% 7]

in agreement with what we just found.

8.13 Dimension

We defined the dimension of a subspace S of R™ to be the number of vectors in
any basis for S. This definition made sense only after we proved that any two
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bases for S must have the same number of vectors. That same proof shows that
any two bases of any vector space V' must have the same number of vectors so
we can define the dimension of V' to be the number of vectors any any basis of
V' just as before.

There is a difficulty that arises in the general case that did not arise for subspaces
of R™: a vector space might not have a basis consisting of finitely many vectors
(see Example 8.13.2). When this happens, we say that the vector space is
“infinite dimensional.”

DIMENSION.

Let V be a vector space. If V has a basis consisting of n vectors,
we say that V is finite dimensional and has dimension n
(written dim V' = n). If V does not have a basis consisting of
finitely many vectors, we say that V is infinite dimensional.

8.13.1 Example

(a) Find dim Mays.
(b) Find dim Ps.

Solution

(a) The set {e11, €12, €13, €21, €22, €23} is a basis for May3 (see Example 8.11.3
and following remark). Therefore, dim Mays = 6.

(b) The set {z*, 2%, 22, z, 1} is a basis for P (see Example 8.11.4 and following
remark). Therefore, dim Ps = 5.

O

8.13.2 Example The set of all polynomials P, (of all possible degrees)
is a vector space using usual addition and scalar multiplication of polynomials.
Show that P is infinite dimensional.

Solution We need to show that P, does not have a basis consisting of finitely
many polynomials. We can do this by supposing it does have such a basis and
deriving a contradiction.

Suppose that B = {p1,p2,...,pn} is a basis for Po,. Let m be the largest degree
of the polynomials p1,p2,...,pn. Then ™! is a polynomial in P, that is not
in the span of the polynomials py,pa,...,p, (since any linear combination of
these vectors has degree at most m).
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This shows that Span{pi, ps,...,pn} is not equal to P, contradicting our as-
sumption that B is a basis for P,,. We conclude that P, is infinite dimensional.
O

The theorems about dimension stated for subspaces of R™ (see Section 7.3) have
analogs for a general vector space V. We state two of the analogs here and give
examples.

THEOREM. If V is a wvector space of dimension n and S is a
subspace of V, then dim S < n.

8.13.3 Example Show that Fg is infinite dimensional.

Solution The vector space P, of all polynomials can be viewed as a subspace
of Fr if we regard a polynomial as a function on R (addition and scalar mul-
tiplication of polynomials and the definition of equality of polynomials do not
change when polynomials are viewed as functions). If Fr were finite dimen-
sional, then P, would be finite dimensional as well according to the preceding
theorem. But this would contradict Example 8.13.2. Therefore, Fg is infinite
dimensional. o

THEOREM. If L : V. — V' is a linear function and dimV = n,
then
dimim L + dimker L = n.

8.13.4 Example Verify that the linear function L : Max2 — R given by

(o)

satisfies the preceding theorem.

Solution In Example 8.10.3 we found that

. a b

imL =R, kerL_{L —(I} |a,b,c e R}.
We claim that the set {e11 — €22, €12, €91} is a basis for ker L.

(i) (Span{ej; — eaa,e12,e21} = ker L?) The matrix e1; — ex9 is in ker L
(a=1,b=0, c=0) and similarly e and es; are in ker L. Since ker L is
a subspace of M2 every linear combination of these matrices is in ker L,
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so Span{e1; — €22, €12,€21} C ker L. On the other hand,

[a b } =a [1 0 ] +b [O 1} +c {O O} = a(e11 —ea) + beia + ceoy,
c —a 0 -1 0 0 1 0
so ker L C Span{ej; — €22, €12, €21 }. Therefore, these sets are equal.
(e11 — ea2, €19, €91 linearly independent?) Suppose that
ai(er; — ex) + azers + azes = 0.

Then, combining the terms on the left, we get

o -l d

a3 —oq 0 0
so that oy, as, a3 = 0. Therefore, €17 — €92, €12, €21 are linearly indepen-
dent.

This establishes the claim that {e;; —ea2, €12, €21 } is a basis for ker L. Therefore,
dimker L = 3. Also, dimimL = dimR = dimR! = 1 and dim My = 4 (see
Example 8.11.3), so

dimim L +dimker L =14+ 3 =4 = dim Msys

in agreement with the preceding theorem. O

8-1

8-2

8 — Exercises

Show that May3 satisfies property (V6).

Show that P satisfies property (V1).
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8-3 Show that F; satisfies property (V2).

8-4 Let V be the set of positive real numbers. Define a new addition & and
scalar multiplication ® on V by

xTdy=xy, a®x=x”.

(We have used @ and © to keep from confusing these new operations with usual
addition and multiplication of numbers.) For instance, 2@® 5 = (2)(5) = 10 and
3®2=23=8. Then V is a vector space.

(a) What element of V' plays the role of the zero vector 0 in property (V3)?
Explain.

(b) Given x € V, what element of V plays the role of —x in property (V4)?
Explain.

(c) Show that V satisfies property (V5).

8-5 Let V be the set of ordered pairs (z,y) of real numbers. Define addition to
be usual addition, but define scalar multiplication by the rule a(z,y) = (az,y).
Show that V' is not a vector space.

86 Let V be a vector space and let v € V and a € R. Prove each of the
following and give a reason for each step.

(a) a0 = 0. (Hint: 0+ 0 = 0. See proof of part (ii) in second theorem of 8.8)

(b) If av = 0 and « # 0, then v = 0. (Hint: If a # 0, then a~! exists. At
some point, use part (a).)

8-7 Let V be a vector space and let v € V and a € R. Prove that (—a)v =
—(av) and give a reason for each step.

HINT: See proof of part (iv) in second theorem of 8.8.
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8—8 Show that the function L : Po — Moy given by

L(az +b) = {g 2}

is linear.

8-9 Show that the function L : Fr — Mosyo given by

TR0 f(x/2)
LW—LW,WMJ

is linear.

8-10 Let Cgr denote the set of continuous functions on R (this is a vector
space using function addition and scalar multiplication). Define L : Cr — Fr

by .
Mﬁ@=£f@ﬁ

Show that L is linear.

8-11 Let S be the subset of Fg consisting of all functions f for which f(—z) =

f(z) for all z € R. Show that S is a subspace of Fg.

8-12 Let L : Msyo — P5 be the linear function given by

L([Z ZD —(a—dz+(b+c).

(a) Find ker L.
(b) Find im L.

8-13 Let L : V — V' be alinear function, let a € V' and let v,, be a particular

vector in V' such that L(v,) = a.
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(a) Show that if v is in ker L, then L(v, + v¢) = a.

(b) Show that if v is a vector in V such that L(v) = a, then v = v, + v for
some vg € ker L. (Hint: If you show that v — v,, € ker L, then you can
conclude that v — v, = vq for some v € ker L.)

(c) Recall that L=1(a) is the set of all v in V such that L(v) = a. Show that
L=a) = {v, + vo|vo € ker L}. (Hint: Use parts (a) and (b) to show
that each set is contained in the other.)

8-14 Let L: Dgr — Fg be the function given by

Ly) =y' +3y

(Dg is the vector space of differentiable functions).

(a) Show that L is linear.

(b) Let y,, be a particular solution to the linear differential equation y'+3y = 1.
Show that every solution of ¥’ + 3y = 1 is of the form y = y, + yo where
Yo is a solution to the corresponding homogeneous equation y’ + 3y = 0.
(Hint: Use part (a) and Exercise 8-13(b).)

8-15 In the vector space Msyx2, determine whether [? _65} is in
1 -3 -2 6 2 1
sent |y ][5 5)[20 S

816 Let 3 4 8
fa) =1+, g@)=2-= hz)=1+-.

T

Determine whether the functions f, g, and h are linearly independent in the
vector space Fr+, where R is the set of positive real numbers.

HINT: At some point, make three choices for x to get a system of three equations.

8-17 Show that {z? — 1,222 4 z} is a basis for the subspace S = Span{—z —
2,72 + x + 1} of P3.
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818 The set {2, cos? x} is a basis for the subspace S = Span{1, cos2z} of Fr
(see Example 8.11.5). Let L : S — R be the unique linear function satisfying

L(2)=3 and L(cos’z)=1.
Find L(4 cos2x — 6).

HINT: cos®z = (1 + cos2z).

8-19 Let B = (22 — 1,222 + ), an ordered basis for the subspace S =
Span{—x — 2,22 + x + 1} of P3 (see Exercise 8-17).

(a) Find [42? + 3z + 2| (if defined).

(b) Find p given that [p]s = [5, —1]%.

8-20 Let L:Py; — Mjyys be the linear function given by

M%+®=B ﬂ

(see Exercise 8-8).

(a) Find the matrix A of L relative to the standard ordered bases B = (z,1)
and B’ = (e11, €12, €21, €22) of Py and May o, respectively.

(b) Use part (a) to find L(4x — 3) and check the answer by computing this
quantity directly.

8-21 Let L: Ry — Ry be the linear function given by

L(x) = [“g]
(projection onto the x;-axis).

(a) Find the matrix A of L relative to the ordered basis B = (by, bs) of R,
where by = [1,1]7 and by = [-1,1]7 (with B’ this same ordered basis).

(b) Use part (a) to find L([2,2]7) and check the answer by computing this
quantity directly.



8 VECTOR SPACE

31

8-22 Verify that the linear function L : P3 — P2 given by
L(p) =p'

satisfies the theorem before Example 8.13.4.
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